Endogenous growth theory has not yet consistently incorporated population growth or immigration into its models. As a result, in the present day, there is no universally accepted endogenous growth model explaining the empirical observed relationships between growth, population and immigration. The present paper overcomes this inconvenience by designing a fully specified Romer endogenous growth model, completely microfounded, that incorporates the existence of population growth and immigration and that allows the stylized facts of growth as well as the relationships between growth, population and immigration to be explained. In addition, the proposed model is susceptible to calibration and simulation, and, when applied to the US economy, provides a good fit to the data. JEL classification: D5, E4, E5.
Introduction
At least since Malthus (1826) , the relationships between population dynamics and economic growth have been widely investigated by economists and social theorists. Over the last few decades and in close connection with the development of the modern theory of endogenous economic growth and the concern over the sustainability of growth, Economics has increased its interest in studying these links, focusing principally on ascertaining the effects of population growth and immigration on human capital accumulation and thus on economic growth 1 . Concerning the links between population and growth, at the empiri-migrants. In particular, as in Romer (1986 Romer ( , 1990 ), it will be assumed that the growth dynamics is explained by the endogenous human capital accumulation process. In addition, as suggested by Ehrlich and Kim (2015) , the demand of immigration will endogenously arise as a consequence of the productive needs of the economy, and will subsequently alter growth through modifications in the human capital accumulation. However, and unlike Ehrlich and Kim (2015) and alternative growth models incorporating population growth, the derived law of human capital accumulation will depend on population growth and immigration, and therefore all the effects of population and immigration on growth will be endogenous in our model. More specifically, our objective is twofold. On the one hand, to provide a theoretical endogenous growth model able to capture the links between population, immigration and growth commented on above. On the other hand, to design a tractable model, susceptible to calibration and simulation, allowing these relationships to be estimated and simulated for different scenarios. Concerning the first goal, we will consistently incorporate all the suggestions proposed by Romer (1986 Romer ( , 1990 , explaining self-sustained growth on the basis of an endogenously generated law of accumulation of human capital. In addition, we will introduce the realistic idea in Ehrlich and Kim (2015) of an endogenous demand of immigration, on the basis of the empirically documented complementarity in production between immigrants and natives. With respect to our second objective, the proposed Romer model will deliberately be easy to solve, calibrate and simulate, in order to allow the main empirical findings concerning the relationships between immigration and growth to be replicated. The paper is divided into 7 sections. After this Introduction, Section 2 provides a description of the economy, defines the equilibrium, and states the equivalent social planner's problem. Section 3 discusses the theoretical properties and implications of the AK version of the model, paying special attention to the verification of the stylized facts of growth. The relationships between population, immigration and growth are analyzed in sections 4 and 5, section 6 being devoted to the calibration and simulation of the model for the US economy. Finally, in Section 7, we provide some concluding commentaries.
The Economy
As commented on in the former section, we will introduce the possibility of population growth and immigration on the basis of a standard Romer's (1986 Romer's ( , 1990 ) model of endogenous growth. More specifically, we will extend the version of the Romer endogenous growth model proposed by Gutiérrez (2015) , incorporating as additional features the existence of a growing population and the presence of complementarity in production between immigrants and natives. As in Gutiérrez (2015) , we will faithfully follow the suggestions in Romer (1986 Romer ( , 1990 . Therefore, it will be considered that there are three types of agents in the economy: households, firms and government.
Concerning firms, and as in Romer (1986) , it will be assumed that the production function of each firm incorporates knowledge as an input, that knowledge used by a firm has a positive external effect on the production possibilities of other firms, and that the production functions display constant returns to scale in production factors other than knowledge. Also following Romer's (1986) suggestions, physical capital and knowledge will be used in fixed pro-portions in production. In particular, it will be assumed that the number of units of knowledge that combine with one unit of physical capital to produce output is a stochastic variable, an assumption that captures the existence of purely random elements affecting the efficiency of learning by doing and knowledge transmission processes. Concerning labor input, we will assume that there exists a perfect complementarity between immigrant and native labor. This is consistent with the abundant empirical evidence found by Borjas (1983 Borjas ( , 1986 ), Peri (2007) Ottaviano and Peri (2012) and Dustmann et al (2012) , among many others, which supports the existence of a strong complementarity between immigrant and native labor. In this respect, the amount of immigrant labor that combines with one unit of native labor to produce output will be an additional stochastic variable, since, like the complementarity between physical and human capital, it depends on random variables associated to the evolution of learning, ability and knowledge. Jointly with these two complementarity rates, the native population growth rate and the immigrant population/total population ratio will also be considered as stochastic variables, given the uncertain elements affecting fertility and mortality rates and immigration. The stochastic nature of all the aforementioned variables plays a double role. On the one hand, it captures the existence of purely aleatory elements affecting the complementarity rates and the population growth. On the other hand, it allows non-constant rates of growth to be introduced, therefore enabling a better reproduction of the empirical facts. On this point, it is worth noting that the standard statistical procedures to extract the growth trend from a time series, such as the Hodrick-Prescott filter, imply non-constant growth rates; in any case, it would always be possible to eliminate the random elements and to restrict the model to the deterministic case. Concerning the uncertainty scheme, let S denote the finite set of states of nature that arises from the joint distribution of the three stochastic variables. Let E, e, e + 1, e − 1, t(e), f (e) and π(e) be, respectively, the event tree associated to this uncertainty scheme, a node in the event tree, the nodes immediately subsequent to e, the node immediately preceding e, the period of time at which the node e happens, the history of nodes leading to node e, and the probability of occurrence of e. After any node e only a state of nature s ∈ S can happen, the subsequent node being denoted by es.
e and H i e , at node e and for the firm i, be respectively production, use of physical capital, use of native labor services, use of immigrant labor services, and use of knowledge/human capital. Let h j e , j = i, denote the per-capita use of knowledge/human capital by firm j at node e. A convenient way to capture the abovementioned features is through the production function
where A is the total factor productivity; a e is the number of units of knowledge that combine with one unit of physical capital to produce output; b e is the amount of immigrant labor that combines with one unit of native labor to produce output; α, (1 − α) and ρ are the input elasticities; i = 1, 2, . . . , J is the superscript denoting the firm; J denotes the total number of firms; and the term ( j =i h j t ) ρ captures the external effects of the (per-capita) knowledge used by the other firms on firm i's production.
Let us now consider the household's problems. At node e, let N e and Q e be, respectively, the number of natives and immigrants. Therefore, P e = N e + Q e is the total population at node e. Let p e be the growth rate of the total population at node e. Under the assumption of complete markets and the total removal of individual uncertainties, the household's problem for the native workers is, in per-capita terms, max
and l e are, respectively, the discount factor, the subjective beliefs, the instantaneous utility function, the consumption of good, the participation in physical capital, the household level of knowledge, the taxes paid to government, the labor supply, and the time endowment for native workers. Regarding prices and depreciation rates, w, r, d, δ K ∈ (0, 1), and δ h ∈ (0, 1) are, respectively, the labor input price for native workers, the physical capital input price, the knowledge input price, the depreciation rate of physical capital, and the depreciation rate of knowledge.
Analogously, the household's problem for the immigrant workers is, in per capita terms, max
and m e are, respectively, the discount factor, the subjective beliefs, the instantaneous utility function, the consumption of good, the participation in physical capital, the household level of knowledge, the taxes paid to government, the labor supply, and the time endowment for immigrant workers. Regarding prices, g is the labor input price for immigrant workers, and r, d, δ K ∈ (0, 1), and δ h ∈ (0, 1) are the above defined.
As is obvious, our household's problems are the standard ones in a competitive general equilibrium model. For each problem, the budget constraint simply says that, at each node, the household's wealth, given by the remuneration to the labor, physical capital and knowledge used in production, is used to acquire consumption good, to increase its participation in the physical capital input, to accumulate knowledge input, and to pay taxes. It is then assumed, as in Romer (1986) , that there is a trade-off between consumption today and knowledge that can be used to increase consumption tomorrow. The only difference between native and immigrant workers is then the type of supplied labor. Indeed, both immigrants and native workers can accumulate physical as well as human capital, which are homogeneous production inputs. However, they offer distinct types of labor, namely l and m, that are consequently differently remunerated at prices w and g, respectively. The proposed model therefore assumes the existence of a segmented labor market, which, when w > g, can be envisaged as the result of the coexistence of two types of workers, namely high-skilled-remunerated native workers and low-skilled-remunerated immigrant workers. Note also that the time endowment for immigrant workers is given in per-capita terms, and that, accordingly, it depends on the total number of immigrants in the economy, which, in turn, hinges on both the immigration policy in the destination country and the migrant supply of out-migration countries. In this respect, following the standard theories of migration proposed by Borjas (1990 Borjas ( ,1999 , it will be assumed that the immigrant labor supply is perfectly elastic at the wage g, since this wage is higher than those existing in the outmigration countries 4 . This implies that the number of immigrants is totally determined by the demand of immigrants and the immigration policy of destination countries, two theoretical results consistent with the empirical evidence. In this respect, the clearest sign of a perfectly elastic supply of immigrant labor and the effective limitation of the number of immigrants by the complementarity between native and immigrant workers is the existence of substantial non-legal immigration in most of the destination economies.
Finally, Government establishes the immigration policy, collects lump-sum taxes from the agents and internalizes the externalities in production through optimal taxes and subsidies to firms. Under this kind of government intervention, the competitive general equilibrium -defined through the usual conditions of utility maximizing consumers, profit maximizing firms, zero net profits and market clearing-, can be formulated as the solution of a social planner's problem, an idea pointed out by Romer in his reference paper. As shown in appendix A this happens for our economy, whose general equilibrium is equivalent to the following social planner's problem: 
e ∈ E, h 0 historically given.
It is worth noting that this version of Romer's endogenous growth model not only constitutes a rigorous and manageable microfoundation of Romer's (1986 Romer's ( , 1990 endogenous growth model, but also explicitly and consistently introduces significant observed features of actual economies concerning population, immigration and government intervention. On the one hand and as commented on in the introductory section, total population usually grows at positive rates, and the empirical evidence suggests that immigrant and native workers are mostly complementary inputs in production, two features incorporated in our model. Additionally, this is not the only relationship between native and immigrant labor that the model contemplates. Since there is a unique immigrant labor segment, characterized by a unique wage g, any new immigrant is a perfect substitute for any other former immigrant, a substitutional pattern also observed in real economies. The same happens in the native labor market, and then a substitutive relationship between immigrant cohorts and natives as time passes also exists in the model. Indeed, since there is a unique native labor market with a unique equilibrium wage w, first and subsequent generations of migrants are perfect substitutes for native workers, given that the former were born in the destination economy and therefore considered as natives. This is consistent with the existence for immigrant families of a naturalization process, along which they acquire similar social, educational, economic and working habits to natives, and that, according to the empirical literature 5 takes around one generation. On the other hand and concerning government intervention, it is clear that public subsidies to R&D firm activities and to professional training, patents, licences and copyrights, pursue the internalization of the knowledge externalities, an aspect captured by our model through the variable S, the subsidy/tax to the knowledge input. In addition, when the production sector is envisaged as an aggregate agent producing knowledge as well as commodities, the public financial support of research and education can be assimilated to the lump-sum subsidy to profits V introduced in the model.
As we will see in the next section, the proposed model generates an endogenous demand of immigration, and will allow the two-sense links between growth, human capital accumulation and immigration to be analyzed inside a pure endogenous growth model, both from the theoretical and empirical perspectives. Indeed, under appropriate specifications, this model is susceptible to exact solution, calibration and simulation, something that constitutes a clear advantage with respect to other models used to study the relationships between immigration and growth. This will be done in the following sections for the particular case in which α + ρ = 1, that leads to a very interesting AK model. The above comments on the theoretical relevance and proper empirical behavior of the AK models, jointly with the richness inherent to a Romer (1986) model that in addition incorporates population growth and immigration, constitute arguments supporting the interest of studying and discussing the AK version of Romer's (1986) model proposed in this paper. We will begin by solving the social planner's problem (3), later discussing its theoretical properties. In this respect, we refer the reader to the results in Gutiérrez (2015) , since our social planner's problem is mathematically equivalent to the analyzed in that paper 6 . More specifically, defining δ = δ h − 1−δ k a , if we assume that the instantaneous utility function is given by the expressions
and, alternatively,
Indeed, by substituting (1 + 1 a+θe ) in Gutiérrez (2015) for (1 + 1 ae )(1 + pe), we arrive to problem (3) (where σ is the intertemporal elasticity of substitution in consumption), the solution policy and control functions are
and
when U (C e ) = ln(C e ). From these expressions, denoting the per-capita growth rates of human capital, consumption, output and physical capital by ψ h , ψ C , ψ y , and ψ k , respectively, it is straightforward that when
and when U (C e ) = ln(C e ), the growth rates are
Applying the arguments in Gutiérrez (2015) , it is possible to conclude that the following stylized facts of growth 7 are verified in our proposed model 8 :
• The real per-capita output grows at a steady trend rate.
• The stock of per-worker physical capital grows at a steady trend rate.
• The ratio physical capital/output is steady across time.
• Capital and labor's shares in total income are steady across time.
• The rate of return of physical capital is steady across time.
• The rate of growth of output per-capita varies greatly across economies, suggesting the existence of poverty traps and convergence clubs.
• There exists a positive correlation between the rate of growth and the economy level of scientific and technical knowledge.
• High population growth rates are negatively correlated with per-capita output growth rates.
The explanation of the coexistence of very different output growth rates across economies, of the positive correlation between knowledge and growth, and of the negative correlation between population growth and GDP growth, come directly from the analysis of the growth rate expression. In effect, in our model, where the growth rates take the expressions specified in (4) and (5), differences in the evolution of the variables a e , m e and p e across economies can explain why countries can have distinct growth rates, even when the economies present the same technology and preferences 9 . In addition, following the arguments in Gutiérrez (2015) , it is straightforward to show that the existence of threshold values for the technological parameter a e and the population growth rate p e become relevant in explaining the empirically observed poverty traps and convergence clubs, including their intricate behavior and their complex dependence on both population growth and technological aspects 10 .
Population and Growth
Let us focus on the relationships between the per-capita output growth rate and the population growth rate. We will begin by mathematically characterizing the properties of the growth rate expressions with respect to p e . When U (C e ) = ln(C e ) and
the only meaningful range of values occurs when
since, on the contrary, per-capita output growth rates would always be negative for any positive population growth rate. Indeed, this inequality implies the possibility of positive as well negative growth rates, as observed in actual economies. In this case, it is straightforward to conclude that
The graph of ψ h (p e ) is that in figure 1 , which must be interpreted in the light of the Romer endogenous growth model which founds our extended model. Indeed, when native and immigrant populations are constant, our model reduces to a pure version of the original Romer (1986) model. Therefore,
represents the endogenous growth rate in the standard Romer (1986) model, in which endogenous growth exclusively appears due to externalities associated with human capital. The slope ∂ψ h ∂(pe) < 0 captures the ceteris-paribus negative effect of population growth on the GDP growth rate. When the population growth rate is the sole changing variable, i.e. when the per-capita time endowment for immigrant workers m e remains constant, the per-capita production function becomes y e = Ah e m 1−α , and then per-capita output only increases due to the accumulation of per-capita human capital h e . This increase in human capital h attains its maximum when population is constant: In Romer's (1986) model, per-capita human capital exclusively increases due to its external effects, independent of population size; then, when the population grows, this current increase in h and y must be distributed among a subsequent higher population, and consequently, the percapita output growth rate negatively depends on the population growth rate. Additionally, given this negative dependence, when the population growth rate increases, the output growth rate reaches a point in which the negative effect associated to the population growth rate annuls, and afterwards surpasses, the increase in per-capita output caused by human capital accumulation. With our expressions, these empirically observed phenomena happen when the population growth rate reaches and exceeds
This theoretical property is therefore consistent with the empirical evidence of the negative effect of a high population growth both on GDP growth and human capital accumulation. In addition, since
1+pe ≈ −(ψ h − p e ), this effect is negligible when the output and population growth rates take moderate values, in concordance with the observed data.
All these analyses remain valid when
Figure 1: Growth rate, U (C e ) = ln(C e ).
-
In this case, for the same reasons as in the former, the only meaningful range of values occurs when β(Am
In this case,
and all the above mentioned properties hold. The graph of ψ h (p e ) in this case is that in figure 2. -
Immigration and Growth
Through the variables m e and p e , the proposed model allows the relationships between immigration and growth to be evaluated. These two variables are linked, since a modification in the number of immigrants Q e affects both the per-capita time endowment of immigrant labor for the economy m e and the total population growth rate p e . The dynamics of the model with respect to growth is therefore defined by a set of three equations, the first two capturing the dependence between m e and p e and the third showing the associated per-capita GDP growth rate. As shown in appendix B, denoting the individual endowment of time (equal for immigrants and natives) by h, when the immigration policy always ensures b e l e = m e , i.e., always allows the number of immigrants Q e to adjust to the number of native workers in order to fulfill the productive requirements of perfect complementarity between native and immigrant labor inputs, the behavior of the economy is described by the system of equations 
when U (C e ) = ln(C e ) and U (C e ) = C 1−σ e −1 1−σ (equation (8) or (8 ), respectively). The growth rate expressions (8) and (8 ) 
Two possible technological improvements are possible in the light of this formulation: one associated to increases in the amount of immigrant labor that combines with one unit of native labor b e ; the other being a consequence of a higher value of the parameter A. As we will see, the first always increases the dependence on the immigrant population, only the second opening the possibility of a higher output growth rate and a lower number of immigrants. To see this, let us consider expression (8)
according to which the output growth rate is
Taking the derivative . This is a logical consequence from the economic point of view. Indeed, when the technological improvement turns into a higher value of the parameter b -i.e. increases from b to b -, this means that a native worker is able to be complemented by b immigrant workers and to obtain the same output as before, and there still remains time and/or capability to be complemented by b − b additional units of immigrant work to obtain more output. In this case, the economy needs additional immigrant workers, so, under an optimal immigration policy, the percentage of immigrant population increases.
On the other hand, a higher value for A opens the possibility of having, simultaneously, an increase in the output growth rate and a decrease in the percentage of immigrant population. 
it is straightforward to conclude that when dA > 0, db e < 0, and ( dbe be ) < 1 1−α dA A , then there exists an increase in the output growth rate, dψ e > 0, and a simultaneous decrease in the percentage of immigrant population. In this case and conversely to the first, a higher growth rate is possible without the requirement of additional immigrant workers.
As shown above, the system of equations (6)- (8)(8 ) describes the dynamics of the model. In this respect, since b e is a stochastic variable, the evolution of the per-capita GDP growth rate under the optimal immigration policy is complex, and can only be evaluated by simulating the model. The interested reader can find a brief theoretical analysis of the dynamic complexity intrinsic to the model in appendix B.
Calibration and simulation of the model for the US Economy
As commented on before, one of the virtues of the model is the possibility it opens for calibration and simulation. Through equations (6)- (8)(8 ) and after calibrating the model and characterizing the stochastic variables a e , b e and p e , the theoretical behavior of the per-capita GDP growth rate can be simulated and compared to that observed for the economy. Obviously, this exercise constitutes an analysis of the validity of the model, since it determines the degree to which the proposed model explains the empirical data on growth, population and immigration. Depending on the purpose of the analysis and the number of considered stochastic variables, several alternatives are possible. In this respect, the specificity of this model derives from the assumption of the complementarity in production between native and immigrant workers, and given that our interest lies in describing the effects of population and immigration on the per-capita GDP growth rate due to this hypothesis, we will consider b e , n e and m e as the unique stochastic variables 12 . Along the next section we will calibrate and simulate this endogenous growth model for the US economy, carrying out separate analyses to study the effects on GDP growth of population and immigration.
Previously to the simulation of the model, it is necessary to calibrate it. This will be done by applying the usual methods and procedures, as is logical taking into account the peculiarities of the model. In order to avoid the distortions caused by the financial crisis suffered by the US and initiated in 2009, the considered sample will go from 1964:1 to 2009:4. Assuming that b e , n e and Qe Pe are the unique stochastic variables, the solution of the model is that given by the system of equations (6)- (8)/ (8 ) when a e = a. According to these equations and assuming normality for the stochastic variables, the parameters to calibrate are n, Q P , α, b, β, A, h, a, δ and σ, where n, Q P , and b are the means of the normal distributions characterizing n e , Qe Pe and b e . Concerning the native population growth rate n, the percentage of immigrant population Q P , and the labor's share in total output 1 − α = wL Y , we will consider the mean values provided by the US Census Bureau for the sample. The values of the subjective discount factor β and of the intertemporal elasticity of substitution in consumption σ will be those provided by Evans and Sezer (2004) . The calibration of b will be based on the data of aggregate employment: since the total per-capita employment is the aggregation of the native and immigrant per-capita employment, and along the balanced path of growth it coincides with the individual time endowment
where h is the per-worker worked hours in the economy and the individual time endowment. We can therefore deduce the calibrated value for b, since 1 = (1 + b e )
Ne
Pe and we already know . Concerning the average value of the per-capita quarterly worked hours in the economy h, we can calculate this by multiplying the average per-worker quarterly worked hours and the employment population, computing the per-capita values dividing by the total labor force. All these data were obtained from the St. Louis Federal Reserve Bank FRED R Database. The calibration of the remaining parameters A, a and δ was based on the expressions along the balanced path of growth of the feasibility constraint, the production function and the growth rate. More specifically, these expressions are
or, alternatively,
when U (C e ) = ln(C e ). After substituting h e = ak e and considering the properties of the balanced path of growth, the former equations become
when U (C e ) = ln(C e ). In these equations, the steady values for C y , k y and ψ are taken directly from the FRED R data set as their mean values, the values for h, Q P , α, β and σ being those previously calibrated. The result is a system of 3 equations and 3 unknowns, namely A, a and δ. By solving this system, the calibrated values for these unknowns are calculated. On this point, it is worth noting that δ = δ h − 1−δ k a , and then we must not expect a value δ ∈ (0, 1). On the contrary, logical values for δ h and δ k should imply a calibrated value of δ negative and close to − 1 a , as indeed happens. Finally, to calibrate the standard deviations of the stochastic variables b e , n e and Qe Pe , we will fix the values that best reproduce the statistical moments of the observed series for ψ y . Note that, given that the data set provides 4 different (although similar) growth rates -namely ψ y , ψ C , ψ k and ψ k/l -, this calibration procedure can be run for each case, or even for the average values 13 . In this respect, we have opted to reproduce the statistical moments for ψ y . In order to gain insights into the role played by each stochastic variable, three different simulations will be carried out, one for each specific stochastic variable. Tables 1 and 2 collect, respectively, the growth facts of the US economy for the considered period and the calibrated values. As shown in table 1, the US economy presents for the period 1964:1-2009:4 all the usual stylized facts concerning growth. All the values in table 1 correspond to the trend obtained after applying the Hodrick-Prescott filter to the original data. In particular, the data show that per-capita output, per-capita consumption, per-capita physical capital and physical capital per worker grow at very similar rates, that employment and the consumption/output and physical capital/output ratios are roughly constant, and that the variability of the growth rates for per-capita output, per-capita consumption, and per-capita physical capital are of the same order of magnitude. To simulate the model, according to the calibrated values for each case, we generated a series of 184 values for each considered stochastic perturbation, from which the associated series for ψ t was obtained. After running each simulation 1000 times, the results are those in table 3. Table 3 . Simulation results for the growth rate ψ. After a first inspection of the simulation results, several conclusions arise. First, there exist no significative differences when opting between the two considered Bernoulli utility functions. Indeed, these differences only appear for the calibrated values, being practically non-existent for the simulation outputs. This fact suggests that the elasticity of intertemporal substitution in consumption is not a key parameter in macroeconomic growth models. From the theoretical point of view this is a logical result, since the intertemporal elasticity of substitution in consumption measures the response of the growth rate of consumption to the real interest rate, and, as shown in section 3, the real interest rate remains constant in the proposed model as well as in real economies. Second, all the simulations do quite well in replicating the mean and the variation coefficient for both the per-capita GDP growth rate and the per-capita worked hours. Moreover, the simulation exercise when the perturbation affects the ratio of immigrant population is especially good, and it can therefore be concluded that this Romer-AK endogenous growth model, based on the complementarity between native and immigrant labor, satisfactorily explains the observed behavior of the economy concerning growth, at least as well as the existing alternative models. In addition and as we have shown, the proposed model also allows the effects of population and immigration on growth to be evaluated and clarified, thus constituting a good and interesting candidate to take into account when studying these questions. Third, although in our simulations we have isolated the effects of each stochastic perturbation -namely b e , Qe Pe or n e -, the consideration of two or more simultaneous shocks is also possible. In this respect, since with the only exception of a null coefficient of variation of the per-capita worked hours, the simulation for n e perfectly reproduces the observed data, the joint consideration of n e and b e , of n e and Qe Pe , or even of the three shocks b e , n e and Qe Pe , might improve the simulation results. Finally, the introduction of a new technological shock affecting the complementarity between physical and human capital as in Gutiérrez (2015) is also feasible, opening new possibilities of combination. In this respect, it is worth noting that our exercises considering simultaneous perturbations n e and b e and n e and Qe Pe have not implied any gain with respect to the simulations based on the existence of only one shock, probably because of our assumption of independent perturbations. Indeed, the correct introduction of simultaneous perturbations would require the calibration of additional parameters for the stochastic shocks, including those measuring correlations.
Conclusions and future research
Over the last few decades and as a direct consequence of the concern on growth sustainability, Economics has increased its interest in studying the relationships between growth, population and immigration. At the empirical level and concerning the links between population and growth, the current consensus is that high population growth exerts a negative effect both on GDP growth and human capital accumulation, this effect being negligible when population growth rates take moderate values. Regarding immigration, the main empirical conclusion, based on the observed strong complementarity between native and immigrant workers, is that immigration and growth are linked in a double sense: the growth dynamics of the host economy gives rise to an immigration demand, which, in turn, affects growth through its effects on the human capital accumulation process. At the theoretical level, however, this empirical evidence on the links between population, immigration and growth, has not yet been satisfactorily explained, incorporated or discussed by theoretical models. Indeed, to our knowledge, there is in the literature no referential endogenous growth model detailing how and why economic growth can, or cannot, be negatively dependent on population growth through the process of human capital accumulation, nor analyzing in detail the consequences on growth of the observed complementarity between native and immigrant workers.
In this respect, we have built a model that incorporates the above mentioned facts concerning immigration and population into a pure endogenous growth modelà la Romer. In particular, the model's main characteristics are the following: the growth dynamics is explained by the endogenous human capital accumulation process; the demand of immigration endogenously arises as a consequence of the productive needs of the economy; and this immigration subsequently alters growth through modifications in the human capital accumulation. Two are the main virtues of this model. On the one hand, it provides a theoretical endogenous growth model able to capture the links between population, immigration and growth commented on above. On the other hand, the proposed model is susceptible to calibration and simulation, allowing the relationships between population, immigration and growth to be estimated and simulated for different scenarios.
Indeed, from the theoretical perspective and regarding the links between population and growth, the model is able to explain the empirically observed negative effect of a high population growth rate on the per capita GDP growth, and does so, as the evidence shows, through the endogenous process of human capital accumulation. In addition, the model also predicts a negligible effect of population growth on economic growth when the growth rates take normal values. Regarding immigration and its effects on economic growth, and on the basis of the assumption of complementarity in production between immigrant and native labor, the model allows several channels of influence to be considered.
More specifically, the model contemplates the two-way effects linking growth and immigration, and permits distinct relationships between technological change and immigration to be elucidated. In the light of the implemented simulations all these findings appear as plausible, since the proposed version of Romer's model satisfactorily explains the observed behavior of the economy concerning growth, at least as well as the existing alternative models. Summing up, the proposed model constitutes a good and interesting candidate to study endogenous growth and its relationships with population and immigration. Indeed, not only does it provide a coherent and consistent theoretical explanation of the links between population growth, immigration and GDP growth, it also allows interesting exercises of calibration and simulation to be implemented, opening up the possibility of using the model to design and evaluate different immigration policies.
In this respect, future research necessarily passes through the solution of two inconveniences of the model, both inherent to its theoretical characteristics. First, since the model generates a common growth rate for all the growing variables -namely per capita consumption, physical capital, and output; and capital/labor ratio-, the application of the model embodies problems when the objective is to replicate the different observed volatilities for the growth rate series. Indeed, although the means of the growth rates for all the considered variables are usually very similar and their replication for the model does not therefore entail problems, the growth rate standard deviations habitually take different values, something that demands the consideration of variablespecific stochastic perturbations. Second, the consideration of simultaneous shocks would require the calibration of additional parameters for the stochastic shocks, including those measuring correlations, since, on the contrary and as shown in our simulation exercises, the obtained results could be misleading.
A Social Planner's Problem
We will follow analogous arguments to those in Gutiérrez (2015) to obtain the social planner's problem formulation. Let us assume without any loss of generality that the total number of firms is J = 2. When the Government internalizes the external economies associated to knowledge through optimal taxes and subsidies, each firm's problem is where P R denotes profits, S is the subsidy/tax to knowledge input, P is the total number of households, and V is a per-capita lump-sum subsidy to profits: Note that since h j e and V i e are given in per-capita terms, the total amount of human capital of firm j used by firm i and the total subsidy to firm i's profits are, respectively, P e h j e and P e V i e . Dividing by the total number of households P e , the above firm i's problem can be expressed in per capita terms. Let pr i , k i , l i , m i and h i be firm i's percapita profits, use of physical capital, labor services of native and immigrant workers (respectively), and human capital. The firm i's problem is therefore The first order necessary and sufficient conditions are
It is clear that m 
Each firm's profits in per-capita terms are therefore , then pr e = 0, and the production sector is in a long-run equilibrium.
We can now define the general equilibrium of this economy as follows: • Given the sequences {w e }, {r e }, {d e } and {T n e }, the sequences {C n e }, {h n e }, {k n e } and {l n e } solve the representative consumer's problem for the native workers (1).
• Given the sequences {g e }, {r e }, {d e } and {T q e }, the sequences {C • Given the sequences {w e }, {g e }, {r e }, {d e } and {V e }, the sequences {h e }, {k e }, {l e } and {m e } solve the representative firm's problem (9) and verify a e k e = h e and b e l e = m e .
• The sequences {C 
• Government sequences of lump-sum taxes {T Under quite general conditions, this formulation of Romer's (1986) model as a long-run competitive general equilibrium is equivalent to a very simple social planner's problem. Assuming appropriate homogeneity conditions in beliefs and preferences for native and immigrant workers 14 , and following similar arguments to those in Rubinstein (1974) , Altuǧ and Labadie (1994) and Gutiérrez (2002) , we can ensure that the consumer's problems for native and immigrant workers (1) and (2) are, for a wide range of formulations, equivalent to the following unique per-capita problem:
historically given, where: β, π and U capture the average discount factor, beliefs and instantaneous utility for the native and immigrant workers; and
In general, it is enough to assume hyperbolic absolute risk aversion preferences.
, and l R = l n , are, respectively, the economy per capita consumption of good, participation in physical capital, level of knowledge, taxes paid to government, labor supply of immigrant workers, and labor supply of native workers.
Removing the superscripts, from the first order necessary conditions in the firm's problem, the perfect complementarity between physical capital and knowledge and between native and immigrant labor, the market clearing conditions and the equality T e = V e = ρh α+ρ e (m e ) 1−α , the representative household's budget constraint becomes
The long-run competitive general equilibrium is therefore equivalent to the following social planner's problem: 
B Model Dynamics
Let h denote the individual endowment of time, equal for immigrants and natives. Since l e and m e are the global per-capita time endowments for native and immigrant workers, respectively, l e = hN e P e , m e = hQ e P e .
In the long-run competitive general equilibrium of the economy, the immigration policy always ensures b e l e = m e , i.e., always allows the number of immigrants Q e to adjust to the number of native workers in order to fulfill the productive requirements of perfect complementarity between native and immigrant labor inputs. Then, in the long-run competitive general equilibrium, b e l e = hb e N e P e = hQ e P e = m e , b e N e = Q e , ln(b e ) + ln(N e ) = ln(Q e ), Q e =ḃ e +Ṅ e .
Equation (10) simply says that the optimal immigrant population depends on demographic and technological aspects as well as on the immigration policy. This is becauseṄ e is the natural native population growth rate, butQ e is the addition of the natural immigrant population growth rate plus the (positive or negative) modification in the number of immigrants caused by the immigration policy, which must ensure the fulfillment of the perfect complementarity for any value of the technological parameter b e . Let us denote the natural population growth rates of natives and immigrants by n e and q e , respectively, and by D e the number of admitted (if positive) or repatriated (if negative) immigrants. SinceQ e =ḃ e +Ṅ e ,Ṅ e = n e ,Q e = q e + D e Q e , the optimal immigration policy requires q e + D e Q e =ḃ e + n e , D e Q e = n e +ḃ e − q e , and therefore P e+1 = Q e+1 + N e+1 = Q e (1 + q e ) + D e + N e (1 + n e ) = Q e (1 + q e ) + Q e (n e +ḃ e − q e ) + N e (1 + n e ) = (Q e + N e )(1 + n e ) + Q eḃe = P e (1 + n e ) + Q eḃe = P e (1 + p e ), and therefore p e = n e + Q e P eḃ e = n e + Q e P e ( b e − b e−1 b e−1 ).
Analogously, after some algebra, we can concludė Therefore, the growth rate dynamics is that defined by the system of equations 
when U (C e ) = ln(C e ) and U (C e ) = (8) or (8 ), respectively). As shown above, system of equations (6)- (8)(8 ) describes the dynamics of the model. In this respect, since b e is a stochastic variable, the evolution of the per-capita GDP growth rate under the optimal immigration policy is complex. To illustrate this fact, it is enough to describe its behavior for a once-for-all change in b e . For instance, when U (C e ) = ln(C e ), if we assume that b e increases (i.e. that b e − b e−1 > 0), the immediate effect on ψ e is a decrease that takes place through the increment of p e : ∂ψ e ∂(b e − b e−1 ) = ∂ψ e ∂p e ∂p e ∂(b e − b e−1 ) = − ψ e (1 + p e ) Q e P e < 0.
However, after this immediate decrease, the per-capita GDP growth rate permanently increases as a consequence of the higher ratio and there are no more changes in p e nor in Qe Pe . As is obvious, when modifications in b e happen at every node, the dynamics of ψ e becomes complex, given that it depends on the relative sizes of the simultaneous effects of b e+1 − b e and Qe+1 Pe+1 , this last being a consequence of the previous change b e − b e−1 .
